Lecture 1, Outline

» Syllabus (course content, course policy)
» Calculus review
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Completing the Square (Quadratic Factorization)

To factor an expression of the form: ax® 4+ bx + ¢
Factor the coefficient a from the terms involving x
Add and subtract the square of half the coefficient of the x term of
the monic polynomial

b
ax2+bx+c:a<x2+ax>+c
—al+ 24 (2 (LY +c
- a 2a 2a
b\?2 b?
:a<x+za> *(Cwa)
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2x> 1=2( X+ -x+— | +1—==2(x+-)>+=
X“ 4+ x+ <x +2x+16>+ (x+2)°+
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> Why’7 Evaluation of integrals, Laplace transforms, ...

f 2x2+x+1 =?
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Partial Fractions — 1 of 2

A function f(x) which is a ratio of two polynomials, with the degree of the
polynomial in the numerator P(x) less than the degree of the polynomial
in the denominator Q(x), can be expressed in a simpler form that is
convenient for many applications using the method of partial fractions.

The first step is to factor the denominator as much as possible, then
expand in terms of partial fractions (see table below).

3x—1 3x—1 _ A B

@—x—6 (x+2)(x—3) (x+2)  (x—3)
=3x—1=A(x—3)+B(x+2)

as this equation hold for all values of x, use x = —2 and x = 3 to get
A=7/5and B=8/5.
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Partial Fractions — 2 of 2

Factor in Term in partial
denominator fraction decomposition
A

(aX + b) | Am |

(ax+b)” m+m+"‘+m
(ax®+bx+c) %

2 Aix+B Aox+B: AnX+Bp
(ax*+bx+c)” (ax;ibxjrc) + (ax22+bx+20)2 ot (ax?>+bx+c)"

Show:

2x—3 3 3x+2

x(x2+1) :_x+x2+1

If the degree of P(x) is greater than or equal to that of Q(x), first do
polynomial division then decompose the remainder into partial fractions.
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Logarithms and Exponentials

The natural logarithm and exponential function are inverse functions:

In(e*) = e"* = x
a-Inx=1Inx?= exp(a-Inx) = x?
f(x)9x) = g()Inf(x)
Ina+Inb=In(a-b) #Ina-Inb

Ina—Inb=In(a/b) # :E—Z

expa-expb =exp(a+b) # exp(a- b)

expa
= —b b
S = ex(a—b) # exp(a/b)

Analogous relations hold for any other base (e.g. base 10).
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Trigonometric ldentities

» Euler formula, Law of Sines, Law of Cosines
» Double-angle and half-angle formulas

sin?(x) +cos?(x

sin(—x —sm(x) odd function of x

sin(x +
cos(x £

)
)=
cos(—x) = cos(x) even function of x
) =sinx-cosy+cosx-siny
)=

< <

= COSX- COS}/:FSIHX smy

» To convert an angle in degrees to radians, multiply by 7/180
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Differentiation

Linear Operator: d% (F() + g(x)) = d;(;() N dgd(XX)

Product Rule: d%f(x). o(x) = d';f;() o) + 100 _cc;j(xx)
Quotient Rule: d% < ; ((’)(( ))> _ fI(X)g(Xg)szf)(X)g/(X)
Power Rule: % X — oy

Composite function: ~_(1(g(x))) = 1'(a(x))-9/(x)
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Derivatives of simple functions

d 1
—Inx=—
ax X
d sinx = cos x
dx -
d cOSX = —sinx
adx o
iex:ex
ax

d X
aaf(:(lna)-a

d
axex2 = e® +2x2e% = &®(1+2x?)

» What about log,, x, arcsin x,arctan x, In f(x)?
> (sinx)os* =7
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L'Hopital’'s Rule

» Use derivatives to evaluate limits of indeterminate forms

If the ratio of two functions is indeterminate:

L'Hopital’s rule can be applied to get:

- f(x) (%)
J@a@ o )!@a g’(x)

Multiple applications may be necessary to get a determinate form.

Example
. osin(x 0 . sin(x . cos(x
I|m7():f:>hm ():h ()—1
x—0 X 0 x—=0 X x—0 1
: 2x+1
> limy o 251 =7
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Taylor Series expansion, interval of convergence

Expanding a function around the point x = xg

f(x):f(x0)+)d(1)(())-(x—xo)+,m(2)(())-(x—xo)2+---
= f(n)

The Taylor series for & for x, =0
X X2
¢ =14x+t

The Taylor series for (1 — x)*1 around xo =0

1 2
— =1+Xx+x"+-
1—x

The Taylor series for sinx around xp =0
. x®
sinx=x——+4---
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Integrals of simple functions

1 1
frace e 17

In|x|+c a=—1
/exdx:ex+c
/sinxdx:—cosx+c
/cosxdx:+sinx+c,

where c is the constant of integration.
> [a“dx =7

» Check to see if differentiating the anti-derivative gives you the
integrand.
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Basic integration techniques

Note:
/f(x)-g(x) dx;é/f(x) dx-/g(x) dx

’
/xe"2 dx = E/e“ du  using u= x?, du = 2xdx

Substitution:

1 1 5
=-e'+c=-e“+c
2 2

Partial fractions expansion

/ 3x—1 / 8/ ax
x2—x—6 X+2 5 X —

= g|n(x—|—2)—|—g|n(x—3)
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Basic integration techniques, contd

Per partes (by parts):
» Heuristic, rather than mechanical
» Extends to higher dimensions (1st Green’s identity)

/udv:uv—/vdu

X cosxdx=_ x sinx— [ sinx dx
N —— ~~
u v/ u v v u

= xsinx+cosx+c What if we have a definite integral?

For u we usually choose a function that simplifies when differentiated.
This does not hold for the following example, but integrating by parts twice
gives back the original integral as part of the expression, which can be
rearranged to give the solution:

sinx 4+ cos x
/excosx: e f—kc
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v

Gaussian elimination

v

Matrix multiplication

v

LU factorization

v

Inverse matrix and Gauss-Jordan elimination

v

lll-conditioned matrices and round-off errors
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