ECH3301 Process Analysis and Design Fall 2010
HW 2 NxN, MxN systems Due September 8
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1. (Matrix multiplication) For A = [(2)

[Hint: Compute a few powers of A and try to deduce the general form of A™.]

« ..
1] , determine lim,, .., A".
2

2. (N x N system) Suppose that 100 insects are distributed in an enclosure consisting of four
chambers with passageways between them as shown below.
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At the end of one minute, the insects have redistributed themselves. Assume that a minute is
not enough time for an insect to visit more than one chamber and that at the end of a minute
40% of the insects in each chamber have not left the chamber they occupied at the beginning
of the minute. The insects that leave a chamber disperse uniformly among the chambers that
are directly accessible from the one they initially occupied. If at the end of one minute there
are 12, 25, 26 and 37 insects in chambers 1., 2., 3. and 4., respectively, determine what the
initial distribution had to be.

3. (Hilbert matrix) Let f(z) = sin7z on [0,1]. The objective is to determine the coefficients
«a; of the cubic polynomial p(z) = Z?:o a;z' that is as close to f(z) as possible in the sense
that

TE/Ol[f(w)—p(m)]Qdaj:/o dﬂc—QZaz/ d:v+/1 (gaigpi>2dm

is as small as possible.

a) In order to minimize r, impose the condition that ar =0 for each : = 0,1, 2,3 and show
this results in a system of linear equations whose augmented matrix is [H4|b], where

{111 2
1101 i
Hy= |35 ¢ 1 3| and b= |1 7 4
it 119 T %
15 6 7 e

H, is called Hilbert matrix of order 4.

b) Systems involving Hilbert matrices are badly ill-conditioned. Use exact arithmetic with
Gaussian elimination to reduce Hy to triangular form.

4. (M x N system) Determine the general solution of the following homogeneous system:

x1 + 229 + 23 + 224 = 0,
2x1 4+ 4xo + x3 + 324 = 0,
3x1 + 629 4+ 23 + 424 = 0.
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5. (Inverse matrix) Find the matrix X such that X = AX + B, where

0 -1 0 1 2
A=1(0 0 -1 and B= (2 1
0 0 0 3 3

6. (Linear independence) Is the following set of vectors linearly independent? If not, write
one of the vectors as a linear combinations of others.

{(1 2 3,0 4 5,0 0 6),(1 1 1)}.

[Hint: To write one vector as a combination of others in a dependent set, place the vectors
as columns in A and find the echelon form. This reveals the dependence relationships among
columns of A.]
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