Lecture 10 (Laplace transform), Outline

» Motivation, definition, existence theorem
» Fundamental properties (linearity, shifting, convolution etc.)
» Applications to differential equations (IVPs, transfer function)

» Convenient engineering abstractions: step function and
impulse function

» Applications to systems of differential equations

SUGGESTED READING:
E. Kreyszig, Advanced Engineering Mathematics (theory)
M. Spiegel, Theory and Problems of Laplace Transforms (examples)
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Overview

» A powerful tool for solving linear (or linearized) ODEs and the
corresponding IVPs

» Works also for variable coefficients

» The basic strategy of operational calculus:
Laplace transform converts ODE to an algebraic equation for the
transformed dependent variable. The algebraic equation is solved
explicitly for the transformed dependent variable, and the solution to
the ODE is obtained by finding the inverse Laplace transform.

» Particularly useful for right-hand sides (inputs) with
discontinuities (unit step), pulses (Dirac’s delta) or periodic
functions

» Used in control theory to develop simple input-output models and
analyze influence of disturbances (external variables)
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Laplace Transform

Definition
- An integral transform with an exponential kernel, specifically:

ZIH(1)] = F(s) = /Ow (e dt  s=y+io
1 Y+io

LNF(s)] =f(t) = Jim — o F(s)e ds

Existence theorem places a growth restriction of f(t):
In general if a function f(t) is piecewise continuous and of exponential
order, i.e. there exist constants K, ¢, and T such that:

|f(t)| < Ke*  forallt>T

then the Laplace transform of the function f(t) exists for all Re s > c.
e.g t", e*! have Laplace transforms, but not e'".
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Example 1
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Example 2

ZL[t" = / t" e Sdt
0 v v
av

oo

tn e—St n =
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n
= —Z[t"
S
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Example 2

2] =+

2l = lg[tO] _ 2

218 §$[t1] -
= Z[t" = poxe
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Example 3

Using Euler’s formula for a complex exponential:
e = cos bt =+ isin bt

ZJsin(bt)]| =% [eibt;ie_ibt]

1 1 1
“2i\s—ib s+ib

b
oS24 b2
bt 1 gt s
Z[cos(bt)] =& [ 5 ] =21
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Table of common LTs

Table 6.1 Some Functions f(t} and Their Laplace Transforms £(f)

fo S(f) F© Z00
s
1 1 /s 7 cos wi peprr
. ®
2 t 1/s? 8 sin wt g
5
3 2 213 9 cosh ar g
4 " n! 10 b a
(n= 01 1,9 s stot at 52 —a?
Pl T'a +1) . s—a
5 (a positive) T 11 e cos wt Gt o
6 e ! 12 e* sin ot . —
s—a sm s — a?+ o
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() Linearity of LT & its inverse, change of scale

Some important properties of LTs

Linearity:

Laf(t)+Bg(t)] = aF(s) + BG(s)
L MaF 4+ BG] = af(t)+ Bo(t)

Change of scale:

Z[f(at)] = :;F (%)
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(if) Transform of derivatives

210 = [ (e et
e st f(n-1)(4) oo—f—s/mf(”*ﬂ(t)efstdt
= s Z[f" D (1)] — £ 1)(0)
=s [sf[f (=2)(1)] — f("—z)(o)] — (o)

= Z[f"(1)] = s"F(s) — s"£(0) — s"21)(0)
— sf("=2)(0) — f("=1)(0)
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Example 4

f(t) =sin(bt) f(t) = bcos(bt) f(t) = —b?sin(bt)
2[i(1)] = £F(s) — s£(0) — K(0)
= —b? Z[sin(bt)] = s> Z[sin(bt)] —0—b

Similarly f(t) =t f(t) =1
= Z[f(t)] = sZL[f(t)] - £(0)

1 1
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Partial fractions, review

Fs) = 1 _ A, B C
~ (s+a)(s+b)2 s+a s+b (s+b)?
= A(s+b)®+B(s+a)(s+b)+C(s+a) =1
1 1
=—b=C= ;s=—a=>A=
s a—b >~ ¢ (a—b)?

Evaluate B by equating coefficients of s?=B=—A
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(iii) Transform of integrals

2[/Otf(r)dr] :/Ow Mf(f)dr] et dt = F(s) /s

Z[F(s)/s] = /0 f()dr
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Example 5

Part a:

Part b:

Sl L VRS
< [33—232}_2 [323—2}

7 [ls(sz} /[ezf—1]dr_f[ 2 —1-2{]

Ravi Chella, Petr Hotmar Laplace Transform



(iv) First shifting theorem (“s-shifting”)

L[ (1)] = F(s— )
(1) = e 2 [F(s—a)]

Example 6

s
Since Z[cos2t] = ——, we have
sc+4

s+1  s+1
(s+1)2+4  s24+25+5

ZL[e 'cos2t] =

Ravi Chella, Petr Hotmar Laplace Transform



(v) Convolution Theorem:

Z[f+g]l = F(s)G(s)

f*g:/otf(r)g(t—r)drz (1 — 1)g(7)d7
= Z7[H(s)] = 2 [F(s)G(s)] = f(t) x g(1)
Note: Z[fg] # F(s)G(s)




Example 7

1 1 1
H = — = — — = =
()=5=  » =1 o=t
~
Fs) G(s)
t t t2
:>h:f*g:/ f(r)g(t—r)cm:/(1)(1r—r)c/r:E
0 0
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(vi) Multiplication by ¢ and division by t

21(n) = - )

= derivative of transform
n
L[ ()] = (—1 )n%[SmF(S) —s™1£(0)
—s™2£(0) — ... f(m1)(0)]

Z[f(t)/1 :/S F(u)du = integral of transform
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Application: Initial value problems (IVPs), transfer function

y'+a/+by=r(t) y(0)=kK y'(0)=Ki
[s*Y(s) — sy(0) — ¥/ (0)] +a[sY — y(0)] +-bY = R
= Y(s) = R(s)Q(s) + I(s)Q(s)

_ @ I(s) = [(s+ a)y(0) +y'(0)]

= y(t)=r(t) xq(t) +i(t) xq(t)

Q(s)

_ Y _ Z{output}

if y(0)=0,y/(0)=0= Q= R= Zinput) (Transfer function)
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Example 8

y'+ oy =r(t)
= s2Y(s) — sy(0) — y'(0) + @?Y(s) = R(s)

’
- 2402

= Y(s) (0)+ y'(0)

)+ s% + w?
y'(0)

=y(t)= 1asin((ot) «r(t)+ y(0)cos(wt) + o sin(wt)

2+ 02’

Exercise: Show that this is the same solution that would be obtained
using the method of variation of parameters.
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Example 9 — Slide 1 of 3

y" +4y’ +3y = 65cos(2t)
Y(s) = Q(s)R(s)+ I(s)Q(s)

as)= = S R I
 s24+4s5+3 (s+1)(s+3) 2|s+1 s+3

=q(t) = % [e'—e®

65 t t
q(t)«r(t) = {e_t/ e’ cos(27) dt — e_S’/ €37 cos(27) df}
0 0

65 7|
= —{ e '[cos(27) +2sin(27)] &
2 5|,

t
0}
18 ¢ 15 4

= 8sin(2t) — cos(2t) — 5 5
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Example 9 — Slide 2 of 3

0) +4y(0) —y'(0)]
(s+1)(s+3)

I(s)Q(s) = [sv(

=) iyers O Y O)

_y(0) [ 3 1 }
2 |(s+3) (s+1)
[4y(0)—y'(0)] [ 1 1
" 2 [3—1—1 B s+3]
_ Y(0)—y(0)] 1 [3y(0) —y'(0)] 1
2 s+3 2 s+1
2 ls)a(e) = LSO goar B0) YO -
= y(t) = 8sin(2t) —cos(2t) + Cre '+ Cre™
c, - BO-—y©]-13 _ [(0)-y0)]-15
2 2

(s+1)(s+3)
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Example 9 — Slide 3 of 3, comments

» We obtain the same solution with the method of undetermined
coefficients, except now we have expressions for C; and C, explicitly
in terms of the initial conditions.

» Once we find the inverse of the transfer function q(t), we can find the
response of the system fairly easily for other forcing functions r(t).

» The transfer function Q(s) can be used to obtain information about
the behavior of the system. The roots of the polynomial in s in the
denominator of the transfer function — termed the poles —
provide information about the stability and the shape of the
system response.

Ravi Chella, Petr Hotmar Laplace Transform



Step function (Heaviside function)

- Abstraction of a switching mechanism

0 t<a
U(t_a)_{1 t>a >

Llu(t—a)] = / e stat

efas

S
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Example 10

f(t) = u(t—1) —2u(t —4) + u(t — 6)

0 t<1
+1 1<t<4 1
f(t) = LI(H)] = —[e 5 — 274 —6s
(1) 4 act<s [f(1)] = [e e +e
0 t>6
e —
i: "
- : 6
5 M
e 1
Ve
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Second shifting theorem (“t-shifting”)

0 t<a

f(t) = f(t—a)u(t—a) = {f(t—a) o
Z[f(t)] = ZL[f(t— a)u(t— a)] = e *°F(s)
ne

&
5 5t
)

f |y
O %2 ¢ Y2ver i 92 meowz ¢
LV ALV

(&) Ae)=5sine (B f(ult-2) (0} fit— Dult-2)
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Example 11

- Damped mass-spring system under square wave

y'+3y'+2y=u(t-1)-u(t-2) y(0)=0=y'(0)
—s —2s
PV +3sY 42V = %— °

s
Y(s)=F(s)e *— F(s)e **
1 1 1 1

F) = S my(ss2) 25 s+1 2(s+2)

LR =)= e+ e
y(t)= 2 " [F(s)e* — F(s)e ?]
=f(t—1)u(t—1)—f(t—2)u(t—2)
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Impulse function

- Abstraction of an intense, brief, unit-area pulse

Wi-a)= (lut-a)-ut-k-a] AT
|+ a<t<k+a * ! ! >
~ )0 otherwise 0 a k+a t

1 ke g T e
ZLf(t—a :—/ e Tdt=— —e
(- = [ |
T & —(a+k)s —as1— ek
=—[e®*—-e =¥ ——
ks[ ] ks
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Dirac’s delta function (as the limit of the impulse fcn)

Definition:
O(t—a)= ;!iLnofk(t_a) = {

0 otherwise

/Oocﬁ(t—a)dt:1

/m o(t— a)f(t)dt = f(a) (sifting property)
0
_ efks

ks

—as

Z[5(t-a)] = Jim & —o
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Example 12

y'+ay +by=r(t)=06(t-c) y(0)=0 y(0)=0
Y(s)= Qs)e™  Q(s) = m
= Q(s) for c=0

Thus the transfer function of a process Q(s) may be interpreted as the
response of the process to the Dirac delta function.
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Example 13 (on t-shifting)

T [S(z__asz)] = 2 e ®F(s)] = f(t—a)u(t— a)

GREC R e

= ()= [ ~1]
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Example 14

- Alternatively, by convolution:

R R P
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Example 15 — System of ODEs

y1=—0.02y1 +0.02y>  y4(0) =0
y2 =+0.02y; —0.02y2  y2(0) =150

Taking LT of the ODEs:

sYy—0=-0.02Y; 4 0.02Y>
sY> — 150 = +0.02Y; —0.02Y>

150
= Yo=-Y;+ P adding the equations above
3
= sY; =—0.02Y; —0.02Y; + S

3
=Yi=—
"7 5(s+0.04)

t
=¥ (t) = 3/ 670'04Tdfc =75— 75670.04t
0
= yo(t) = —y1 (1) + 150 = 75+ 75¢ 004
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Example 16 — System of ODEs — 1 of 5

Each of a set of radioactive elements E;, Eo, E5 and E4 disintegrates into

the succeeding one at at rate proportional to the number of atoms, except
for the end product Ej. If n;(t) denotes the number of atoms of element E;
present at time t, obtain an equation for n4(t) with M atoms of E; present
initially. o

The coupled system of ODE describing this system is:

ny = —kim n(0) =M
Mo = —kono + Ky Ny np(0) =0
Ny = —kang + koo n3(0) =0
ng = —k3ng n(0)=0
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Example 16 — System of ODEs — 2 of 5

Taking Laplace transforms:

SNy — M = —kq N
SNo = —ko N> + ki N4
N5 = —kaNs + koo
SNy = +-k3N3
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Example 16 — System of ODEs — 3 of 5

M
Ny =
S+k1
ki N
N, = M
S+ ko
koN.
N3: 21N2
S+k3
k3 N-:
Ny = =3
S

ks ok ki M

s S+kyS+ko s+ kq

C C. C C.
1, e G G

S+ki S+k Ss+ks s

= Mk koks
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Example 16 — System of ODEs — 4 of 5

;
Cy =
' ki(ke — ki) (ks — k)
1
Co =
27 ko(ks — ko) (ki — ko)
1
Ca =
° 7 Ka(ko — ks) (k1 — ks)
1
Cs=
Ky ko
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Example 16 — System of ODEs — 5 of 5

N koks 1
M S (kg—k1)(k3—k1)(3—|—k1)
kiks 1
(k1 — kg)(kg, — k2) (S+ kg)
ki ko 1

B (k1 — k3)(k2 — k3) (S+ k3)

Taking the inverse Laplace transform

Ny k2k3e_k1t
L1
M (ko — k1) (ks — k1)
ki k3e_k2t ki kge_k3t

(ki —ke)(ks— ko) (ki —ks)(ke — ks)
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Example 17 — Stirred Tank with Reaction — 1 of 2

- Allow for consumption of A in the tank at a rate -kC4 per unit volume:

ac,
VA = FCs— FCa— VKC4  V=liquid volume
at ~—~— ~——
! input output  consumption
Accumulation
V  dCy
F+Vk dt A" Frwk ¥
dCq 74 F

= T—— + Ca = KCy; T=——, K=
at A A F+ Vk’ F+ Vk

at steady state (dC4/dt=0): C4s=KC4; and we can define a deviation
concentration C, = Ca — Cas:

dc;
thA +Ch=KC;  Ci(t=0)=0
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Example 17 — Stirred Tank with Reaction — 2 of 2

*

C
th +CL=KC, Ci(t=0)=0

Thus the dynamics of the process (represented by the ODE) can be seen
as modifying the input C,, (represented by the non-homogeneous term)
to produce the output C4 (represented by the dependent variable).
Changes to the process input due to changes in operating conditions or
process disturbances may be modeled using step and impulse functions.

T
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