Lecture 5 (Determinants), Outline
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SUGGESTED READING:
G. Strang, Linear algebra and its applications, Chapter 4
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Usefulness

» Test for invertibility: If determinant of A is zero, then A is singular.
» Volume of a parallelpiped (edges come from rows/columns of A)
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» Formula for pivots: determinant = + (product of pivots)
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Determinant changes sign when two rows are exchanged.
det(/) = 1.

If two rows of A are equal, det(A) = 0.

If A contains a zero row, det(A) = 0.

Subtracting a multiple of one row from another row leaves the
determinant unchanged.

B If Ais triangular, det(A) = ai1a - - - anp.
det(AB) = det(A)det(B).
B det(AT) = det(A).
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To illustrate...
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n! permutations of rows/columns
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Definition

» Two common definitions: expansion in cofactors (Laplace) or
permutations of elements (Leibniz)

Expansion in Cofactors
The determinant of A is a combination of row i/ and the cofactors of row i
(or, equivalently, column j and the cofactors of column j):

det(A) = ai1Ai + apAip + - - - + ainAin.
The cofactor Aj is the determinant of Mj; with the correct sign:

Aj = (—1)"det(M;).

The minor M is formed by deleting row / and column j of A.
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Sarrus’ Rule

» Based on Lebniz definition of determinant

» A useful memorization scheme to calculate determinants of 3 x 3

matrices
ad,, \ \\ \\ ap,
ty, ty, ay,
a 31 § s,
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Applications: Inverse matrix

Writing the cofactor expansion in matrix form, we obtain

ayn a2 - an| |An A - Am det(A) 0 0

a ap -+ ap| |Az Ax - Ap - 0 det(A) 0

dm dn2 ' dmn Ain An - Am 0 0 s det(A)
A ;c; de?(?\)l

Multiplying the above by ﬁa\), we obtain a formula for A~':

Inverse matrix

The entries of A~ are the cofactors of A, transposed and divided by the

determinant to give
1

= Ay
det(A)
If det(A) = 0, then A is not invertible.
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Applications: Solution of Ax = b

Solving Ax = b, we have

1
X = A_1 b= —A.b.

det(A)
It turns out (show this by expanding det(B;) in cofactors of the jth column)
that the matrix-vector product A.qtb can be written in a convenient way,

and we obtain

Cramer’s Rule

det(Bj)
A )
det(A)

where in B; the vector b replaces the jth column of A.
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Example 1 — Calculation of Determinant

3 -2 2
Al=[1 2 -3
4 1 2
2 -3 -3 1 2
—31 ‘+2‘ 2‘+2‘4 1‘

3(4+3)+2(2+12)+2(1 —8) =35
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Example 2 — Calculation of Inverse

1 4] 1 4
2 3
P RE: _
1M -7 —1
L
A= 1
1 -1 5
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Example 3 — Cramer’s rule

3 2 1 11
A= |2 3 1 b= |13
11 4 12

Let D = det A, D; = det B;.
D=(3)(12—1)—(2)(8—1)+(1)(2—3)=18

D+ 0, b= 0, = unique non-trivial solution
Dy = (11)(12—1) — (2)(52 — 12) 4+ (1)(13 —36) = 18
D, =(3)(52—12)—(11)(8—1)+(1)(24—13) =54
Ds = (3)(36 —13) — (2)(24 — 13) + (11)(2—3) = 36

= x1 =1 Xo =3 X3 =2
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